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ABSTRACT Satellite radar interferometry provides glaciologists with an important new tool
for determining the motion and topography of large icc sheets. Wc examine the sources of crror
ininterferometrical ly-derived ice-motion measurements, including those. crrors due 10 inaccu-
rate estimates of the interferometric bascline. Several simulations arc used to assess baseline
accuracy in1erms of tic-point error and the number and distribution of tie points. Thesc results
give insight into how best to select tic points and also demonstrate the level of accuracy that can
be achicved. Examination of two representative cases likely to occurin mapping icc-sheet
motion leads to the conclusio n that with adequate tic-point information ice velocity canbe mea-
sured with an accuracy of a few m/yr. A method to correct horizontal velocity esti mates for the
effect of vertical displacement using surface slopesis also developed. Finally, we estimate the
single-component velocit y field for an area on the } lumboldt Glacier in northern  Greenland
using interferograms formed from ERS- 1 SAR images. Wc cstimate that these velocity mea-
surements arc accurate to within 2.3 m/yr.

INTRODUCTION
Knowledge of ice-flow velocity and strain rate isimportant in assessing an icc sheets's mass
balancc and in understanding its flow dynamics. Ground-based measurementsof icc-sheet

velocities arc scarce because of logistical and technical difficulties. Ice-flow velocities have




been measured from the displacement of features observed in pairs of visible (Scambos and oth-
ers, 1992; Ferrigno and others, 1993) or synthetic aperture radar (SAR) images (I ahnestock and
others, 1993), but these mcthods do not work wc]] for the large, featurcless areas that comprise
much of theicc sheets.

Several recent papers have indicated that satellite radar interferometry (SRI) provides @
potential means to measure ice-flow velocity. Using SRI, Goldstein and others ( 1993) cstimated
velocities for an area cm the Rut ford Icc Stream, Antarctica. Interferograms of the Hemmen lee
Rise on the Filchner-Ronne Icc Shelf have been studied by 1 lartl and others (1994). Joughinand
others (1995a) have examined interferograms from a 400-km-long arca on the Greenland icc
sheet that exhibit complex phase patterns duc to motion. Agreement between interferometric and
in situ measurements of velocit y was obtained by Rignot and Jezek (1995). Kwok and | ‘ahne-
stock (1996) have measured relative velocity on an icc stream in Greenland.

While these papers have demonstrated the great potential of SR1 for mcasuring  icc-sheet
motion, the data in these studies are subject to error duc to difficulty in estimating the interfero-
metric baseline. Estimates of the bascline determined from satellite ephemeris data that is
derived from satellite tracking and orbital modelling arc typically accurate to within afew meters
(Solaas and Coulson, 1 994). While adequate for many purposes, this level of accuracy can intro-
duce substantial] crror inmotion estimates. lior example, @ 1 meter bascline error introduces a
phase ramp of about 4 fringes across a 3-day interferogram, yiclding a relative velocity crror of
39 m/yr across a 1()()-km wide image. Tic points (points of known elevation and velocity) can be
used to improve the accuracy of baseline estimates (Zcbker and others, 1994). Because estimates

of basclines from orbital data alone arc unlikely to yield recasonable accuracy, wiclc-scale map-




ping of ice-shed velocities requires a combination of interferometric data and tie points deter-
mined from field-based global positioning system (GPS) surveys. ‘The cost of measuring such tic
points is high. Thus, it is important to understand how to select tic points to achieve maximum
accuracy at minimum cost.

We begin with a brief introduction to interferometric principles and techniques. The next sec-
tion describes an crror model for SRI velocity estimation. The results of simulations arc then
examined to determine how baseline accuracy is affccied by various factors. Velocit y crrors arc
examined for two typical situations that arc likely to occur in measuring icc-sheet motion. Next a
method isdeveloped to improve estimation of horizontal velocity by compensating for the effect
of vertical motion using interferometrical ly-derived estimates of the surface topography. We then
apply this technique to estimate the single-component velocity ficld for anarca onthe 1 Tumboldt
Glacier, Greenland. Our results confirm that SR1 provides animportant new means for measur-
ing ice velocity, as indicated by earlier studies, and that a small number of ficld-deterinined
motion and elevation tic points will allow production of calibrated maps of ice-flow spced cover-

ing thousands of square kilometers.

INTERFER OMETRY BACKGROUND

The geometry of aninterferometric SAR is shown in Iigure 1, The interferometer acquires
two images of the same scenc with SARS located at S,and S,. The first SAR is at altitude .
From S, , the range, ry»andlook angle, 0, 1o @ pointon the surface is determined by the ground

range, y, and elevation, z, above some reference elipsoid. The range to the same point from the

SAR at S, differs from r, by A. For asingle-pass system, such as TOPSAR (Zebker and others,




Figure 1. Geometry of an interferometric SAR.

1 992), twoimages arc acquired simultancously using separate antennas. A repeal-pass interfer-
omcter, on the other hand, acquires asingle image of the same area twice from two nearly repeat-
ing orbits or flight lines. Only repeat-pass interferometry is examined in this paper since it is the
only method so far that has been applied to orbiting SARs. The bascline separating the SARs can
be expressedin terms of its components normal to, B ,and paralle] to, Bp , a reference. ook
direction. A convenient choice isto let the nominal center Jook angle, 0., definc the reference
look direction,

1‘or adistributed target a pixel inacomplex mage call berepresented as

it
V, =exp (- j2krg) W, = ex p (-J2krg)Aje (1)



where k is the wave number and W, is a complex, circular Gaussian random variable (RV) with
amplitude A, and phase ¢ | (Rodrigucz and Martin, 1992). The modul. 27 phase from a single
complex image cannot be used o determine range since it has a uniform probability distribution
Over [0,27) . A complex interferogram is formed as the product of onc complex SAR image

with the complex conjugate of asecond. The phase of this product is given by

LV V= (2kA4 (0 - 42)) mod2m)’ (2)

Although ¢ | and ¢, arc both uniformly distributed, if W, andW, arc corrclated, [heir differ-
ence, (¢ - ¢,) , isnotuniforml y distributed. In fact, the distribution of the phase difference can
be quite sharply peaked if the complex images arc well correlated.

1 iven with anarrow phase distribution, the. phasc difference is still only known 1oclulo2n. A

phasc-unwrapping algorithm (Goldstcinand others, 1988) isusedtoremove the 11CX1L110-27T

ambiguity. With repeat-pass interfcrometry, the range difference between passes is determined

using
¢ )
~ _ YHnwrap — _i
A= Tk 4n q)l(lln'l'(l[) > )
Where ¢ denotes the unwrapped i nterferomet ric-phase difference and A ist he radar wave-

unwrap
length. Yrrorin this estimate is introduced by ($, ¢,) . Note that phase unwrapping algorithms
usually yield the relative phase as there is an unknown constant of integration associated with the

unwrapped solution. 1t is assumed here that ¢ has been processed to remove this ambigu-

wnwrap

ity (i.e., with the aid of tic points). Thc I{IRS-1 SAR operates at a wavelengthof A = 5.656cmso

that A typically canbe measured with sub-centimeter accuracy.
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With arcpeat-pass interferometer, A is affected by both topography and any movement of
the surface that is directed toward or away from the look dircction of the radar between orbits.
The interferometric phase can therefore be expressed as [he. sum of displacement- and topogra-

phy-dependent terms,

q)unwra/) = (1)ln/mgm/)hy-| q)(li.\/)/(l('('nu'ul' (4)
Motion
The contribution to the overall phase from surface displacement is given by
q)(Ii.vp[a('('m(*nl = 2k (A(/, )'Sm\l’_ A(I,ZCOS\V) ’ (S)

[
where A[l . denotes the componentof the range difference tangential to” surface of areference

[

cllipsoid that is directed across track, and Ay, denote.s the component normal to the. cllipsoid.
The incidence angle, v, isdefined with respect to the local normalto the ellipsoid (see Figurel).
When the surface velocity dots not change over the period, 87, bet ween acquisition of images,

the phase clue tomotionis

D .
¢ displacement

= 2k81 (v siny- v_cosyr) . (6)

Topography

Referring to Figure 1, baseline is related to the range difference due to topography by

A wi ) B
_topography , b (7)

B” sin e(l + BPCOSed o Al(’/mgm/)h)‘ 2)'() 2r,
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Ignoring the AI()pography

term in (7) we can approximate the range difference by

2
~-11,, sin 0(/ -Bl’ cos ()d.}.il%_ . (8)

A .
topography r

The deviation of the look angle from the center look angle, 6, is related to range and surface

clevation by

[r(?)+ 2R (H-2) + 11% 7,2j
acos 9)
2 (R, H)ry

O(I = OV 0(- =

where R, denotes the radius of the carth. Once A is determined from the phase, equa-

topography
tions (7) and (8) arc solved to determine the height and ground range of each pointin the image
(1 .1and Goldstein, 1990).

‘1'here is a nearly lincar phase variation from the uniform change in groundrange, y, across
an image, which is much greater in magnitude than the phase variation duc to topography. 1t is
oftenuscful to remove the ground-range variation by subtracting the phase ramp corresponding

to a zero-height surface, ¢, - The effect of elevation on the interferometric phase canthen be

approximated as

n .
¢z ) $I()/mgr(4p/1)" q)ﬂu! “ <in 0;62 (10)
a

“I" his approximation, which is not valid for computing elevations, indicates that the sensitivity of
an interferometer to topography is proportional to #,, . “1'bus, when we refer to the baseline length

below, wc mean the length of B,,, rather than the actual baseline length, 5.

Baseline Estimation

1 RS- 1 orbits arc not known well enough to estimate basclines with the level of accuracy



nceded to generate DHMs and estimate motion. As a result, the baseline must be determined
using tic points (Zcbker and others, 1 994). The baseline varies along the satellite track. Over the.
length of an LRS- linterferogram, wc model bascline variation as a linear function of the
along-track coordinate, X. The normal component of baseline is then represented as
. XX,

B =B+ 811”[»1% } (an
where B is the normal component of baseline at the frame center, x ., and 85 is the change in
B, over the length of the frame, 1., . Similarly, the parallel component of baseline canbe mod-

cled as

A- X

B, = B 4 51;])( . ’1\-(’) (12)

With a linear model for baseline variation, there arc four unknown parameters: I)’;,b’; OB,
op, .1 here is aso an unknown constant associated with the phase after it has been unwrapped.
Anapproximation can be made to implicitly incorporate this constantinto the. bascline solution
so that only the four baseline parameters need to be determined (Joughin, 1995). The expression
given by (7) is nonlincar with respect to these parameters. The problem is easily lincarized by
replacing the nonlinear terms, which arc small, with estimates of their valucs obtained from sat-

ellite cphemeris data. The baseline parameters thenare determined using a standard linear

|casl-squares algorithm (Press and others, 1 992) with atlcastfour tic points.




MOTION ESTIMATION ERROR

Error Model

The effect of topography must be removed from an interferogram before velocity  estimates
can be made. Witha ncady-zero baseline, the effect of Topography is negligible and canbe
ignored (Goldstein and others, 1 993).1 ‘or longer baselines anindependent digital elevation

model (DHM) can beusedto estimate and remove ¢ (Massonnctand others,] 993). An

topography

alternative method is to cancel @, .0y using an appropriately scaled topography-only inter-
ferogram (Gabricl and others, 1991), In this paper we usc interferometricall y-derived DHMs to
remove topographic phase variation,

Interferograms are subject to random phase error duc to spccklc,%. If the cffect of vertical

velocity isignored, then applying (6), the. velocity error duc to phase noiseis

1
Ccgr ™ 2k875iny 0" (13)

Estimates of ¢ are affected by i naccurac y i n the. DEM used to estimate

displacem ent

) .« Using ( 10), the standard deviation of this error is expressed as
topog raphy

2kB,
o, = G, (14)

2 sin ()(_r() z
where o, denotes the standard deviation of the DIM error. Since this error is proportional to

bascline length, its effect is negligible for sufficiently small baselines (Goldstein and others,

1993). If we ignorethe v, term in (6), then the error in the velocity estimate iS given by

B
o - o 11 o (15)

v TS0 sing Sz
2Vy  8Trsin0 siny
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1¢or typical ERS- 1 parameters this crror is cqual to 0.001068, ¢, m/yr for a3-day interferogram.
A 50-m baseline and a DEM error of 50 m then would yield a velocity error of 2.65 m/yr.

In canceling the topography the bascline-dependent phase ramp duc to groundrange is aso
removed (i.e., ¢4, ). “1’bus, inaccurate baselines lead to crror through the imperfect cancellation
of’ this clevation-independent phase variation. If the estimated baseline components are /;,, and

lfp , then applying (8) and neglecting small nonlinear tcrms, the resulting phase error 18

q)”B =2 B“_B”J‘qn 04, fiad? (BI" R/’JCOSG(I,ﬂm] (16)

The variance of thiscrroris

2 2 . 2 . 2 . , .
0()]), = 4k [(01} Smod,ﬂm) 4 (Oigpcmod,ﬂm) 4 2‘“"O(I,ﬂrucmOrl,ﬂai(’i;”i;p:|’ (17)
n

where Ci;/‘; denotes the covariance of B, and B,. If wCignore the vertical component of
rp

velocity in (6), the variance of the errorinv  duc to baseline inaccuracy is

02 = L ? 0. sin® 2-1 o. cosO, . 24 2sin0 cos0 c. . 1. (18
Cp vy 3T siny B, d, flat RI' d, flat d, flat d, flat ]g”};p

This is often the largest source of error in interferomet ric estimates of ice velocity.

Applying (11), the variance in cst imate of the lincarl y varying baseline can be expressed as

-x )2 X
0, =0 +0_. +2C. . |- . (19)
B, i‘; 8k, [ I B8\ L
We may also writc a sSimilar expression for (;{7) The covariance between baseline components is
given by
XX, X=X, 2 (20)
c, . =C 11 C 1 C - 3C. . .=
Lc.c NN ; Bl )
BB, ls’:B; ( 5”””,(, 1;:]81;1, I, 8h, 88\ Ly




These expressions are used in (] 8) to determine velocity error duc to baseline inaccuracy.

The error at any given pointin the cstimated velocity field is arandom variable. sine.c it is a
function of the random baseline error. For a given baseline estimate, however, the crror for the
entire image is a 2-dimensional function dc.scribed by four parameters. Asaresult, the velocity
error has a high degrec of spatia correlation. For example, because sin 0, changes sign at the
image center, velocity errors usually change sign from one side of the image to the other. Yor a
given point along track, x, the relative error from 0, to - 0 ; is approxim ately twice the absolute
crror at each of these points, This should bc kept inmind when interpreting results computed

using (18).

Accuracy of Basdline Estimates

in this section we examine the accuracy of baseline estimates using synthetic interferograms.
Becausc it is often difficult to obtain tic points, it is important to understand how their number,
accuracy, and distribution affects baseline accuracy and, thus, the accuracy of velocity estimates.
With this knowledge optima] tic-pointing stratcgics can be devised to minimize ficld effort.

For the simulations wc used a 303.2-km-long by 100-km-wide DM of typical icc-sheet and
bedrock (ice free) topography. From the DI‘M wc generated synthetic interferograms for several
baseline. lengths. All of the tie. points arc assumed to be stationary (i .c., located on bedrock).
Non-stationary tie points (i.e., points on the icc sheet) arc examined in the next section. Noise
was added 10 the tic points and to the interferogram. Baselines were estimated using a
least-squares algorithm (Press and others, 1992; Joughin, 1995).1 ‘or each simulation, statistics

were evaluated for the baseline estimates from 2.50 realizations, Because several parameters con-
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tribute to baseline accuracy, there is no way to illustrate baseline accuracy for al possible sets of
parameters here. in cach of the smulations a single parameter is varied while the others arc held
fixed. The results will change when the other parameters arc no longer fixed, although the trends
should be similar.

The first simulat ion was performed to determine the effect of base] inc length on estimation
accuracy. lor severa baseline. lengths we computed estimates for Gaussian phase noise of
G4 = 0 rad and Oy = grad and Gaussian tic point crror of 6, =20 m. Onc hundred tic points
(N,joe™ 100, evenly spaccdover an area I)y = 86.9km wide by D =858kmlong, were
used. Standard deviations of the estimated parameters arc shown in Figure 2.

With no phase noise baseline error increases linear]y with £, . This increase occurs because
aninterferometer with a shorter baseline is less sensitive to topography so that the effect of
tic-point error is smaller. When there is phase noise, estimation accuracy improves with decreas-
ing baseline length until a point where there is little further improvement. This point occurs
where the effect of phase noise on baseline accuracy, which is independent of baseline, length,
becomes larger than that of tic-point error. Thus, the amount of improvement that can be. gained
by using a shorter baseline is limited by the amount of phase noise relative to the amountof ¢le-
vat ion tic-poi nt error.

Baseline estimates can be improved by using morce than the minimum of four tic points in the
]cast-squares solution (Zebker and others, 1994). Figure 3 illustrates the standard deviation of the

cstimates of &, and 83, as a function of the number of tic. points, N, . Thetic points arc

ties

arranged on a regular grid D =869km by > 858 km. 1 lach time N, isincreased, the.

spacing between points is decreased so that area covered by the tic points remains unchanged.
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Figure 2. Standard deviations of (a) £, , &f, , (b) ffl,,and 81?1) for 250 estimates as a function

of I, . Estimates were made for N, = 10, o,= 20 m, 8B, = 0, 1”,(;= 25 m, 8”,, =0
1)),: 86.9 km, »_= 85.8 km, and L, =3032 (km).




Figure 3. Standard deviations of i;; and Sis‘” for 250 estimates as afunction of the number of

. . Ie .
te  points, N, . forp = 1011 §p -0, 1;;): 25111, 8k,= (), D =869 km

D, = 858 km, I._= 303.2. km, oq):grad, and =20 m.

The squared crror for the fits (not shown) falls Off asl- -y, gencral, the standard deviations of

ties
the parameter estimates, including those not shown in Ifigure 3, decrease as 7]‘ . An cxcep-
N .
.J lies

tion is seen in Figure 3, where 681} increases When N, - ihcreases from 4 to 9. The squared
"
crror for the overall fit, however, still decreases as expected.
For afixed number of tic points, the. distance between points affects the accuracy of baseline
estimates. To examine this dependence, we used 4 tic points arranged 1o form arectangle (1)), by

D) with sides parallel to those of the swath. Tigure 4 shows the results plotted @s a function of

the product,, D, X])X. Eachtime » ant] D were increased, they were scaled by the same factor
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Figure 4. Standard deviations from 250 estimates of the baseline parameters as a function of
area covered by 4 tie points. Results are for 11:; =10 m, 6])’" =0m, B;: 25 m,

88,=(m, L = 3032 km, 6 =2 rad , and o= 20 m.

with the cxception of the Jast two points where only 1 Was Scaled because Dy couldnot be
scaled further without exceeding the swath width. The primary effect of Is’; on the interferomet-
ric phase iS to determine a constant bias so that the estimate of this parameter iS insensitive to
tic-point spacing, as can be seen from the resultsin 1 ‘igure 4. | irror in the estimate of adcrivative
is inversely proportional to the distance between points. Conscquently, the error in the estimate
813, decreases as 71 . as illustrated in Figure 4. 1 .ikewisc, 61}” isinversely proportional to Dy

since B, determines the slope of the phase ramp across an interferogram. 1 finally, 813, deter-

mincs variation of the baseline with respect to x and aso affccts the slope of the phase ramp so
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Figure 5. Standard deviations i;; and &7, for 250 estimates as a function of tie-point noise,
o, for B, =10 m, 8,=0 111, B = 25111, 8K :0m, D =869km, D = 858km ,

0= Z[{ad, and 1, =3032 km.

that error in its estimate is inversely proportional to ])yx D . Because increasing tic point spat
I ng affects the errors for each of the estimates differently, it is difficult 1o say exactly how the
quality of the overall fit improves. It is clear, however, that increasing the distance between tic
points significantly reduces error. A specific example is given in the next section.

1 irror in the baseline estimates is caused by phase and lie-point noise. Figure 5 shows base-
line error as a function of tie-point crror for afixed level of phase error. Bascline crror improves
almost linearly with decreasing tie-point crror until a point where phase error begins to dominate

and there is little significant improvement. At this point phase noise must be reduced to realize
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lic-Point | Numberof |, Dy (km) | D, (kmy | 0,(11) | o, (rad

Type Tic Points n
bedrock 100" 1) 50 50 100" F;)*
hoe — -
ice: Shieet 4 10 50 50 | y
I _

Table 1. Parameters for simulations with ice-sheet and bedrock tie points

further improvement.

Velocity Error

in this section we examine the velocity error duc to baseline inaccuracy for two typical situa-
tions that arc likely to arise in the interferometric estimation of ice velocity. in the first case wc
consider baselines estimated using stationary tic points on areas of bedrock near the ice-shecet
margin. in this case it is important to understand how far onto the ice sheet the baseline estimate
can be extended while maintaining reasonable accuracy for the velocity estimate. in the second
case baselines arc determined using non-stationary tic points from areas on the ice sheet where
there is little or no exposed bedrock to provide stationary points. In thissituation it is important
to understand how to select tic points to achieve sufficiently accurate velocity estimates with
minimum ficld effort.

Wc begin using ssmulated bedrock tic points for a typical set of constraints. The parameters
for the simulation are listed in * J able 1, DEMs available for arcas near ice-shect margins typically
have low horizontal and vertical resolution. Error in locating tic points in arcas of an image

where there arc steep slopes increases the effective tic-point error. Yor these reasons wc assume a




relatively large tie-pointerror of o, = 1 ()() m. Since it is easy to obtain alarge number of tic
points from a IDEM, wc usc 100 tic points distributed uniformly over a 50-km-by-50-km area
With sufficient averaging, phase noise can be kept small. For the simulation weuse o, = iT'E)'

The sample variance and covariance of 250 baseline estimates determined from bedrock tic
points are givenin ‘Jable 2. A contour plot of (s(,“, ' is givenin Figure 6(a). Since wc are inter-
estedin using bedrock arcas at the ice margin, the tic points arc centered at x - x = 125 km,
with the edge of the ice sheet at x - x_= - 100 km . Although the basclines were estimated for
1., =303.2 km, there is no reason velocity error cannot be computed for lx x(|>l,x. in thisfig-
ure the error is plotted outto a distance of S00 km inland from the icc-sheet margin
(X- x, =400 km).

From Figure 6(a) we scc that velocity error is smallestin the area near the tic points and
becomes steadily worse with increasing distance inland. | .ooking at the variation across the
image, wc scc that accuracy is best at the center and worst toward the edges. At 200" km
(x x, = 400” km) inland the absolute errvor is less than 5 m/yr with a relative error across the
image of approximately 8 m/yr. The absolute crror at 500 km from the ice sheet marginis just
over 11m/yr, and the relative error isaboutl7 m/yr, which for many applications iS unaccept-
ably large.

Bedrock arca is limited and in many cases smaller than in this example. “1’bus, increasing the
bedrock area from which tie points are chosen is often not an option. Becausc itis quite small to
begin with, reduction of phase noise will achicve littlc improvement. The baseline is short so that

there is little to be gained by using an even smaller baseline. Minor improvement might be

achieved by increasing the number of tic points, but only so long as the tic-point errors remain
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&5 (m?) 0.0252
NS
I
n

A 2
6 . (m*) 6. S5c-0
lfp
6. (1112) 0. 43
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Table 2. Moments of baseline estimates from simulations

lce-Sheet Ti
Points

0.005 660
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with ice-sheet and bedrock tie points.
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Figure 6. Velocity error, 6, . for simulated (a) bedrock and (b) ice-sheet tie points for a

By

3-day interferogram. Simulation parameters are given in Table 1, and the statistics of the esti-

mated baselines used to compute 6, are included in Table 2.
By
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uncorrelated. Because tic-point errors are Large, the most significant improvemen' can be realized
by decreasing tie-point error. For example, if tic-point error is reducedto 2511, then velocity
error decreascs by a factor of about 3. 1.esser gains are realized by a further decrease in tic-point
error because phase. noise. begins to domi nat C.

Next wc examine the casc where velocity tic points mcasured on the icc sheet are used. The
paramelers for a typical set of icc-sheet tic points are given in'Table ]. Because itis difficult to
make such mecasurements, the minimum of four tic. points is assumed. If tic-point velocity is
measurcd over the period of a few weeks using GPS receivers, the error should be small. A high
estimate Of the velocity tie-point crroris 0.8 m/yr. This crror is included in the simulation by

modeling it as an equivalent phase error of o= gradians. An additional phase error of

5. =37
o 20

radians duc to decorrelation yields a total phase crror of o 0 gmdizms. Allowing for
crrors inlocating the tic. points within the SAR imagery, wc assume, clevation crror of 0,= 1m.
The tic points are arranged to form a square With 50-kill sides centered about x . The moments
of the baseline estimates determined from this simulation arc included in Table 2, and the corre-
sponding velocity error is shown in Figure G(b).

The baseline cstimates for the icc-sheet tic points are not as accurate as those for bedrock tic
points, causing the velocity error to belarger. liven though the elevation error is much smaller,
baseline accuracy is reduced because fewer tic points are used, Since the elevation erros iS small,
no real improvement can be gained by improving the clevation estimates. increasing the number
of tic points would help, but the additional field cffort may outwcigh the gain. Tic-point velocity

error also contributes to the larger velocity errors. since alarge estimate of the tic-point velocity

error was used, significant improvement is possible if tic-point velocities are measured more
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accurately. f logistical constraints permit, increasing the separation of tic points will achieve
much improved results. For example, if the distances betweentic points arc increased to
Dy =100 km and D, =300 km, the velocity crror decreases by a factor of about 8to yield a
maximum absolute error of justover 2 m for the entire 100-km by 500-km arca. Thus, for tic
points on the ice sheet maximizing the spacing between points appears to be the best method for
improving velocity estimates.

The results presented thus far have assumed a 3-day separation (i.e., 87 =3 days) for inter-
ferograms. Tie-point elevation error Icads to error in the estimated velocity field. This error is
inversely proportional to 87'.in particular for bedrock tic points, it is often possible to improve
velocity estimates by using a longer tempora baseline. This situation is more complicated for
non-stationary tic points. Error that isthe result of error in the tic-point velocity mcasurcments is
independent of 87° S0 it dots not decrcase when &7 is increased. “]"bus, little is gained by using a
longer temporal baseline if tic-point velocity crroristhe dominant source of baseline error.

Temporal decorrelation increases over time, placing an upper limit on 87°. Temporal decorre-
lation is generally highest in regions with large strain rates. Therefore, longer temporal baselines
arc better suited for use in areas of slow moving ice.

It isimportant to note that the preceding analysis is based on the assumption that the baseline
varies lincarly along track. Although wc have obtained good results applying this assumption
over dist ances of afcw hundred kilomet ers, nonli ncar vari ation may haV C an effect over greater
distances. If such variations occur, then more than four tic-points arc required either to fit the

bascline variation to a higher-order polynomial or to usce a piccc-wise lincar approximation.
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ESTIMATION OF THE ACROSS-TRACK VELOCITY FIELD
The displacement measured by aninterferomet ric SAR is directed toward or away from the
radar, but an estimate of the horizontal velocity is desired. Applying (6), the horizontal velocity

isrelated to the phase clue to displacement by

0,
displacement
= - Sy coty. 20
¥ 2kdT sinys L0

p
A simplc approach to estimating horizontal velocity is to ignore the vertical-velocity term in the
equation. Joughin and others (1995a) have shown that whilc vertical velocity is small in compar-
ison with horizontal velocity, v, is responsible for much of the phase variabil it y over length
scales of less than a few icc thicknesses. These fluctuations present little problemin determining
the. velocity ficld averaged over a few ice thicknesses. The error induced by neglecting vertical
mot ion is far more significant, however, when examining }Ic)l”jzol]t:ll-velocity” variation over
. lengths scales comparable to the ice thickness. in particular, estimates of the local strain rate arc
severely affected by velocity error clue to uncompensated vertical motion, As a result, it is often
necessary tocorrect for t he effect of vertical velocity when esti mat i ng horizontal velocity.

If we assume surface parallel flow, then the vertical velocity is related to the. horizontal veloc-

ity by

0 d
= g (Y)Y S ) &)

Substituting this expression into (21 ) yields,

q)(/ispﬁz_r(’mmgl J

) = Ldis : 9 ey vz y 23
Yy 2kdT sinys ! C()l\ll(‘-“i).f’('x"\) ! \)'i)yZ'(A’)))’ @)
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which is solved 10 yicld

q)(lic 0 )
splacement .

—-— 4V COlY =2 (X, Y

( 2k8Tsiny ‘f,x,,, ) \l‘)ﬁ_s)

Vo= — AT T
( 1- cot \4’5’)'),2‘ (x, ¥) )

With this expression we now need the other horizontal velocity component, v, to determine v

(24)

If wc had another interferogram from a second look direction (i.e. , an ascending pass), we could
derive a similar expression relating v tow,. With these two equations and (22), the three com-
ponents of the velocity ficld can be determined. We discuss the case where there are no interfero-

grams from a second look direction below.

VELOCITY FIELD FOR THE HUMBOI1.DT G1.ACIER

The Humboldt is an outlet glacier in northwestern Greenland that discharges into the Kane
Basin. Figure 7 shows an ERS-1SAR amplitud ¢ image of the lower part of the Humbol dt. The
location of the image is shown on the map in Figure 8. 'The darker areas on the ice sheet along
the bright calving face arc bare ice in the ablation area. The transition from this region to the
adjacent brighter region marks the border of the wet-snow zone (1 ‘ahnestock and others, 1993).
The brighter areas in the lower corners of the image arc within the percolation zone. Severa
lakes arc visible, which show up as small bright circular regions in this winter imagery.

Wc obtained SAR data from orbits 2904, 2947 and 2990, which spanned the interval from
February 410 February 10, 1992. The UK-PA] ¢ (United Kingdom Processing and Archiving
Facility) SAR processor produces single-]Jook, complex images that yield interferograms with

low-frequency errors (Joughin and others, 1995b) and phase discontinuitics. To circumvent this

problem, wc ordered raw SAR data and processcd it ourselves to obtain single-look, complex
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Figure 7. SAR amplitude image of the Humboldt Glacier, Greenland, The dimensions of the

image are approximately 97 km across by 210 km long. The white squares indicate the loca-

tions of tie points used to estimate the baseline.

images. ‘1" his did not eliminate the additional problem of streak errors (Rignot and others, 1994,
Joughin and others, 1995b), which arc not processor-induced artifacts. Streaks found in the data
for this study arc too small to have a significant cffect on velocity error. Using the three images
wc formed two 3-day interferograms with the image from orbit 2947 common to both. The base-
linc for the 2904/2947 interferogram is approximate.]y 236 m, and the baseline for the 2947/2990
interferogram is approximate] y -10 m.

To cancel the effect of motion, wc differenced the interferograms to yield a topography-only

interferogram with an effective baseline of -246 m (Joughin and others, 1995b). This interfero-
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Figure 8. Map of Greenland showing the location of SAR image containing the terminus of

the Humboldt Glacier.



Figure 9. Interferometrically -derived DEM of the lower part of the Humboldt Glacier. Bed-
rock elevations were determined photogrametrically ( Ekholm, Personal Communication).

The contour interval is 100 m. Illumination is directed from overhead aong the vertical axis.

gram was used to create a DM for the area on the ice sheet. Figurc 9 shows this DEM as a
shaded surface overlaid with 100 m contours. in the bedrock areas phase gradients caused by
steep slopes made it difficult to unwrap the phase. ‘I’his problem could be cased by using a
shorter baseline. We are primarily interested in the ice. sheet, however, so wc chose alonger basc-
linc to achieve better accuracy and did not attempt to determine the bedrock topography. The
bedrock elevations in Figure 9 arc extracted from the same DEM that we used for tic-point infor-
mation, which was provided by S. Ekholm (personal communication) of KMS (National Survey
and Cadastre). There was too much decorrelation to unwrap the phase for anarrow band along
the calving face. This partof the DEM has beenfilledin with elevation data from the. KMS
DIM. The lower resolution of the KMS data causcs this arca to appear smoother thanadjacent

regions in the shaded surface represent at ion.




2X

Itis possible to interferometrically measure ice-sheet elevations with 4 m absolute and 2.5 m
relative accuracy (Joughin and others,1995b). 1 )1M accuragy is largely determined by the qual -
ity of the tic points usedto estimate the baseline. The 1 Iumboldtscene is near the coast, where
altimetry-derived tic points on the ice. shectare the most in error because of high surface slopes.
These tic-point crrors may cause our DIiM to have a systematic error in the form of an along-
and across-track tilts that could yield crews of upto severall 0’s of meters. We hope to determing
the accuracy of this DEM using laser atimeter data from the NASA Arcticicc mapping lidar
when it becomes available. Wc will also be able to improve the accuracy of the DM using
laser-altimeter tic points for the baseline estimate. Our current need for the DEM is to compute
surface slopes to estimate velocity using (24). Our DM iswc]] suited for this purpose since
dope cst i mates arc relative] y unaffected by tit-point crrors.

Wec used the 2947/2990 interferogram to estimate the across-track velocity field for the 1 Tum-
boldt. Tie points from areas of bedrock (indicated by white dots in Figure 7) were used to esti-
mate the baseline parameters: B, = - 1120 m, £,=24.17 m, 8k,: 1717 m, and
81?,,: -7.40 m. The baseline for this interferogram is much shorter than that of the topogra-
phy-only interferogram, so regions consisting of bedrock were easily unwrapped. The effect of
topography was removed using a synthetic interfecrogram created using the DHM. The result,
O gisplacement” is shown in Figure 10. The phase is displayed rewrapped (i .c., modulo-2n ) with
irrelevant arcas (i.e., scaice) and areas that could not be unwrapped masked out.

Wc need to know the componentof velocity in the along-track direction, v, ,to estimate v
using (24). Wc do not have an interferogram from a sccond look direction, so wc have no direct

knowledge of v . If wc knew the flow direction, then wc could determine v, fromyvlilow
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Figure 10. Interferometric phase, ¢ due to surface displacement in the radar look

displacen ient?

direction that occurred between February 7 and February 10, 1992. Areas with no data corre-
spond to regions where the phase could not be unwrapped or was masked (i.e., to avoid

regions with sea ice).

dircction can be estimated from the direction of maximum averaged downhill slope (Paterson,
1994). ‘I'his yields anaveraged flow direction that misses perturbations in the direction of flow on
scales less than a few ice thicknesses. Nevertheless, in the absence of other directional informa-
tionthis mcthod may provide rcasonable results,

In the Humboldtinterferogram the across-track dircction isncarly aligned with the direction

of flow in most areas so thatv is small with respect tov,« Therefore we neglect v, in our esti-

y

mate of vy Thisis ssmpler and works almost as well as estimating flow direction from surface
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Figure 11. Examples of horizontal velocity estimates made with and without correction for

vertical velocity. Surface elevation is also shown.

slopes. Since WC are not estimating strain rates, the slightly larger error with this approach is
insignificant.

Figure 11 show estimates of v, along a profile from the Humboldt data made. with and with-
out correct ion for v_. Comparison of the profiles indicates thatignoring v, leads 1o crroncous
short-scale variability in the estimate, O), , of up to 10 m/yr. This error is removed when the veloc-
ity is determined using (24). The correction is imperfect for this example because v, is not
known. Therefore, it is difficult to tell how much of the variability in the corrected profile is due
to gradients in the horizontal velocit y. This problem could be resolved with ani nterferogram
from a second look dircetion.

Vigure 12 shows the contours of the across-track velocity ficld for the Humboldt. At slightly
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Figure 12. Contours of across-track velocity, N (mfyr), overlaid on SAR amplitude image.

more than 100 km, the Humboldt glacier has the widest calving face of any outlet glacier in the
northern hemisphere. It appears from the SAR imagery (Figure 7) that most of the calving face is
grounded, making this perhaps the longest continuous extent of grounded calving ice anywhere.
Although the width of the Humboldt makes it the largest outlet glacier in Greenland, the velocity
ficld for this glacier (Figure 7) reveals that the ice-flow speeds arc not extreme, and also that the
cnhanced speeds do not reach great distances inland. With icc flow speeds of less than 100 m/yr
oniy 15 km from the calving front over the southwestern half of the glacier, it is clear that most
of the discharge flux is carricd in the more rapidly flowing northeastern half. Flow in this area
cxceeds speeds of 140 m/yr 25 km from the calving face and produces a region of enhanced

shear on the northeastern margin. This enhanced flow may be due to the presence of achannelin
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the bedrock.

We do not have independent estimates of ice velocity to dircctly evaluate the accuracy of ous
results. On the arcas of bedrock, the velocity is zero, so we can estimate error for bedrock
regions. The mean of the residua phase error for the bedrock areais 0.37 radians, and the stan-
dard deviation is1.54 radians. This is equivalent to avelocity error with a mean of 0.52 m/yr and
astandard deviation of 2.1 m/yr.

In the previous section we estimated error duc to baseline inaccuracy by means of simulation.
To apply this procedure to the 1 lumboldt area, wc need to know the phase error and tit-point
error. We donot have an accurate estimate of the error for tic points extracted from the KMS
DEM. Instead, we use the standard deviation of the residual phase error for the ice free regions,
which is affected by both conventional phase error and phase error due to uncompensated topog-
raphy from error in the DEM. The cent ribution from DFHM error serves as an cst imat ¢ of |he
tic-point crror, scaled to the cquivalentlevel of phase crror. “1'bus, when the residua phase error
isused in the simulation, the effect of tie-point error dots not have to be included explicitly asin
the previous section. By doing this, wc overestimate the combined effects of conventional phase
error and tic-point error. ‘I’ his is because the residual phase error is also, affect by error in the
basdline estimate, 0(,11. This is arclatively minor effect, however, as baseline crror is smallest in
the vicinity of the tic points.

The results of the simulation indicate that for the 1 lumboldt scenc, the maximum standard
deviation of the velocity error due to baseline error is (Y(,” v = 0.99 m/yr. Combining this error
with the combined estimate of phase and DM error from the jcc-free arcas (2. 1 m/yr), the max-

imum velocity error on the ice-covered area is 2.3 m/yr. Actual crrors may be slightly larger due
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to uncompensated vertical motionsince v was ignored in applying (24).

in the prior simulations we assumed a low value (o 0" ;6 radians) for the phase noise. Iiven
if large DM crrors arc assumed, the portion of the 1.54 radianresidual error attributable to con -
ventional phase noise from speckle is larger than expected (i.e., Gy > 1radian). In particular, the
phase of the bedrock arca in the upperirights corner of Figure 10 1121.&'/;;;101110(1 appcarance, which
indicates an unanticipated source of phase error. Unlike conventional phase noise, which varies
independently from pixel to pixel, this crror has spatial structure over Jength scales of several
kilometers. The baseline for this part of the image is too short to attribute this phase variation to
uncompensated topography. Baseline errors would yicldmore regular tilt errors. Phase error with
similar structurc has been observed by Goldstein (1 995) for an arca in the Mojave desert. ] lc
attributed its cause 1o additional time (phase) delay duc to turbulent watt.r vapor in the lower
atmosphere. It is possible that the features in our data arc the result of asimilar phenomenon. Itis
interesting to note that the greatest anomalous phase variations are associated with area contain -
ing the most rugged topography. Further research is need to resolve. the exact cause and effect of
these phase anomalies. Whatever their cause, these features raise the level of phase error. Fur-

thermore, because the error IS spatially correlated it cannel be reduced by simple filtering, as is

the case for phase noise duc to speckle.

CONCLUSIONS

The results of the simulations suggest some rules that should be applied when choosing  tic
points. Four GPS-mcasured velocity tic points can provide good accuracy over large inland

areas. The best way to improve accuracy with only 4 points isto maximize the spacing between
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points. To reduce error caused by errors in locating tic points within SAR imagery, areas with
low strainrates arc preferable. Tic points can be automatically geolocated within SAR imagery
so that tic points need not be associated with any radar-visible features.

1 ‘or coastal arcas, areasonably dectailed map (i.e., horizontal resolution of a half kilometer or
better) and a sufficient area of exposed bedrock allow the bascline estimate to be extended onto
the ice sheet with acceptable accuracy. T'he ability to use many tic points means that high accu-
racy is possible even with tic-point elevation crrors on the order of 100 m for areas within
100-200 km of the coast. If large areas of bedrock arc available, it is possible to extend the veloc-
ity estimates much further inland with reasonable accuracy.

Our results have demonstrated that ice velocities accurate to within a few meters per year can
be determined with satellite radar interferometry, although accuracy varies greatly with the qual-
ity of tic points. If both ascending and descending images arc acquired during the tandem phase
of RS 1/2, then it will be possible to map the full three-dimensional velocity ficld assuming sur-
face parallel flow. The detailed velocity and topography information rendered by satellite radar

interferometry provides an important new source of data for icc-sheet study.
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